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We propose SL(2, Z) (and SL(3, Z)) invariant conjectures for all R4H4g−4 couplings
of Type IIB strings on R10 (and R8×T 2), generalizing conjectures of Green and Gutperle
(and Kiritsis and Pioline) for the R4 coupling. A strong check for our conjectures is that on
T 2 at weak coupling, they reproduce the multiloop scattering amplitudes which had been
previously computed using N = 2 strings in the N = 4 topological formalism. Applications
to (p, q) string production in a background H field, generalizing Schwinger’s computation
for pair production in constant F field, are suggested.
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1. Introduction
Non-trivial string duality conjectures often lead to perturbative predictions for cer-
tain amplitudes. Such amplitudes are usually very special and receive corrections only at
specific genera. A well known case of this is the R4 coupling in Type IIB theory which
has been argued to only receive perturbative corrections at tree-level and one-loop [1][2]1.
Green and Gutperle conjectured that the R4 term appears in the effective action multiplied
by the manifestly SL(2,Z)-invariant Eisenstein function E3/2(τ)[4], and their conjecture is
supported by various types of evidence[5][6][7], in particular by the match with the genus
0 and genus 1 amplitudes which are explicitly known. The success of the R4 conjecture
naturally leads one to look for generalizations[8][9], but in the absence of explicit multiloop
calculations, it is difficult to choose between different proposals. Also, it is not apriori clear
what kinds of amplitudes one should concentrate on.
More than three year ago, we showed that R4H4g−4 (or R4F 4g−4) terms can be
computed at genus g for the Type IIB (or Type IIA) superstring compactified to six
dimensions on any hyper-Kahler manifold [10]. Like the better known four-dimensional
R2F 2g−2 terms [11], these six-dimensional terms can be expressed in terms of (N = 4)
topological string computations, which are in turn equivalent to the partition function of
the N = 2 string on the corresponding four manifold. The topological reformulation of
the amplitudes allows one to find methods to compute them explicitly, as was done in [12]
when the four manifold is T 2 × R2, i.e. when considering Type II strings compactified
on T 2. The amplitudes thus obtained involved Eisenstein functions of various degrees
(as a function of complex/kahler structure of T 2). Unlike the four-dimensional R2F 2g−2
terms, the R4H4g−4 (or R4F 4g−4) terms survive in the large volume limit to give non-zero
contributions for the uncompactified superstring. Furthermore, the R4 term at genus one
has precisely the same index structure as the R4 term multiplying E3/2(τ) in the conjecture
of [4].
As will be discussed in this paper, the structure of the R4H4g−4 terms leads us to
conjecture that they are multiplied by the manifestly SL(2,Z)-invariant Eisenstein function
E
g+
1
2
(τ) in the uncompactified Type IIB low-energy effective action. More precisely, we
1 It should be noted that there is a possible contradiction in the literature [3] concerning the
two-loop R4 contribution.
1
conjecture that there is a term in the Type IIB effective action on R10 which in the Einstein
gauge takes the form
S = Ng
∫
d10x
√
det10g (1.1)
2g−2∑
p=2−2g
(−1)pR4(H+)2g−2+p(H−)2g−2−p
∑
m,n
′ τ
g+
1
2
2
(m+ nτ)g+
1
2+p(m+ nτ¯)g+
1
2−p
where H+ = τ
−
1
2
2 (HRR− τHNS−NS), H− = τ
−
1
2
2 (HRR− τ¯HNS−NS) and Ng is an overall
normalization constant.
Furthermore, we conjecture that for compactification on T 2, the eight-dimensional
R4H4g−4 terms are multiplied by a manifestly SL(3,Z)-invariant version of the Eisenstein
function which generalizes the R4 conjecture of Kiritsis and Pioline[7]. The conjectured
form of the amplitude in this case essentially follows from extending SL(2, Z)-invariant
Eisenstein functions obtained by summing over a 2d lattice to SL(3, Z)-invariant functions
obtained by summing over 3d lattice points, and is very natural (and perhaps unique). Our
conjecture in this case implies that R4H4g−4 terms only get perturbative contributions
at genus 0 and genus g, just as in R10. Moreover, the genus g contribution is itself
an Eisenstein function of the Kahler structure of T 2 and precisely coincides with the
corresponding string computation of [12] for compactification on T 2 for all g. This we
consider strong evidence for our conjecture.
The organization of this paper is as follows: In section 2, we review the results in
[10] for six-dimensional topological amplitudes R4H4g−4 (or R4F 4g−4) which arise upon
compactification of Type IIB (or Type IIA) on a hyper-Kahler manifold. We also discuss
the corresponding computation of R2F 2g−2 terms on Calabi-Yau threefolds, in part to
contrast it with the computations ofR4H4g−4 terms. In section 3, we review the topological
computations of [12] when the four manifold is T 2×R2, and describe their implications for
scattering amplitudes of Type II upon compactification on T 2 down to D = 8. In section
4, we conjecture the non-perturbative structure of Type IIB R4H4g−4 terms in D = 8 and
D = 10, and describe various types of evidence for our conjecture. In section 5, we discuss
a paradox concerning the non-perturbative structure of Type IIA R4F 4g−4 terms and
suggest a possible resolution. In section 6, we discuss possible implications of these results
for “pair creation” of (p, q) strings (motivated by the implications of R2F 2g−2 terms for
Schwinger’s pair creation). In the concluding section, we discuss possible implications of
our conjecture for the ∇nR4 conjectures of Russo[9] and for the F 2g+2 conjectures coming
from M(atrix) theory [13].
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2. Review of Topological Amplitudes
In reference [10], we proved that certain six-dimensional superstring scattering am-
plitudes can be expressed as topological computations on the hyper-Kahler compactifi-
cation manifold. Although our proof used the modified Green-Schwarz formalism where
spacetime-supersymmetry is manifest and twisting is natural, it should be straightforward
to reproduce our proof using the Ramond-Neveu-Schwarz formalism. Like their four-
dimensional counterparts, the six-dimensional topological amplitudes involve the scatter-
ing of gravitons and Ramond-Ramond fields, and to understand their structure, it will be
useful to first review the four-dimensional case.
2.1. Review of four-dimensional R2F 2g−2 terms
Four-dimensional R2F 2g−2 terms in the effective action of the Type II superstring
compactified on a Calabi-Yau manifold can be computed by scattering two gravitons and
2g − 2 chiral graviphotons [11]. For the Type IIB (or Type IIA) superstring, the vertex
operator for each chiral graviphoton carries +3/2 left-moving charge and +3/2 (or −3/2)
right-moving charge with respect to the left and right-moving U(1) generators of the N=2
c=9 superconformal field theory representing the compactification.
At g loops, one needs 3g−3 left and right-moving picture-changing operators if the 2g−
2 graviphotons are all chosen in the (−1
2
,−1
2
) picture. By U(1) conservation of the Type IIB
(or Type IIA) superstring, the only contributing part of the picture-changing operators is
eφLG−L and e
φRG−R (or e
φLG−L and e
φRG+R), where φL/R comes from fermionizing the βL/R
ghosts and G±L/R are the fermionic generators of the N=2 c=9 algebra. The spacetime-
dependent part of the computation is trivial, leaving only a correlation function over G−L ’s
and G−R’s (or G
−
L ’s and G
+
R’s) which is the N=2 topological computation for the “B-model”
(or “A-model”).
The final result is that the low-energy effective action contains a local g-loop contri-
bution given by the N=2 D=4 superspace expression∫
d4x
∫
d2θLd
2θR(WαβW
αβ)gfg (2.1)
where Wab = (σ
µν)αβFµν + (θLσ
µν)α(θRσ
µν)βRµνρκ + ..., Fµν denotes the graviphoton
field strength, and fg is the topological amplitude at genus g which depends on the moduli
of Calabi-Yau compactification. Integration over θL,R is easily seen to give R
2F 2g−2 terms
contracted in various ways, as well as other terms which are related by supersymmetry. In
3
four-dimensional Einstein gauge, i.e. S = ∫ d4x√det4g(R + F 2 + ...), it is easy to check
there are no eφ factors in front of the R2F 2g−2 term at genus g. This is explained by the
fact that the dilaton in Einstein gauge sits in a tensor multiplet, which cannot appear in
the chiral superspace action of (2.1). Therefore, the R2F 2g−2 term gets no perturbative
or non-perturbative contributions except at genus g.2
2.2. Topological amplitudes in six dimensions
As shown in [10], there is a six-dimensional analog of the four-dimensional amplitudes
which involves the genus g scattering of four gravitons and 4g− 4 Ramond-Ramond fields.
In 6 dimensions, the Lorentz group is most conveniently described using the spin group
which is SU(4). We will denote SU(4) indices by a, b = 1, ..., 4, which can describe either
chiral or anti-chiral spinors. Moreover, spinors carry an internal SU(2) index denoted by
j, k = ± which comes from the SU(2) of the hyper-Kahler manifold.3 Bispinor Ramond-
Ramond field strengths M jkab carry both left and right-moving version of these SU(4) and
SU(2) indices. Note that for the Type IIB (or Type IIA) superstring, b has the same (or
opposite) chirality as a. So in vector notation, M jkab describes field-strengths with an odd
(or even) number of vector indices and we will focus primarily on the three-form H (or
two-form F ).
Now, suppose that we consider 4g−4 Ramond-Ramond vertex operators and have all
of them carry +1 left-moving charge and −1 right-moving charge with respect to the left
and right-moving U(1) generators of the N=2 c=6 superconformal field theory representing
the compactification. This implies that the SU(2) indices on the Ramond-Ramond field
strengths M jkab are all chosen to be in the directions j = + and k = + where, for later
convenience, we choose notation such that the right-moving SU(2) index on M jkab has the
opposite sign of the right-moving U(1) charge.
If all Ramond-Ramond vertex operators are chosen in the (−12 ,−12 ) picture, one needs
4g − 4 picture-changing operators and by U(1) conservation, only the eφLG−L and eφRG+R
terms in the picture-changing operators contribute. As before, the spacetime-dependent
2 Note that superstring arguments alone can only prove the absence of contributions below
genus g (where there are not enough picture-changing operators to absorb the U(1) charge), but
cannot prove the absence of contributions above genus g.
3 For T 4, the internal directions will involve an SO(4) = SU(2) × SU(2). If we are dealing
with K3, one of the internal SU(2)’s is broken by the holonomy of K3 and only one survives.
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part of the computation is trivial, leaving only a correlation function involving G−L ’s and
G+R’s, which is a topological computation on the hyper-Kahler compactification manifold.
The result is that the g-loop six-dimensional low-energy effective action contains a
term proportional to the N=2 D=6 superspace expression∫
d6x
∫
d4θ+Ld
4θ+R(W
++
a1b1
W++a2b2W
++
a3b3
W++a4b4ǫ
a1a2a3a4ǫb1b2b3b4)g fg (2.2)
where W++αβ = M
++
ab + (θ
+
Lσ
µν)a(θ
+
Rσ
µν)bRµνρκ + ... and fg is the topological N = 4
partition function at genus g and instanton number (2g − 2, 2g − 2), which is the same as
the N = 2 string partition function at genus g and instanton number (2g − 2, 2g − 2) on
the corresponding hyper-Kahler manifold. Note that by U(1) conservation in the N = 2
current algebra, this amplitude vanishes when the genus is less than g.
Although the above computation breaks the internal SU(2) invariance to a U(1) sub-
group, the full SU(2) is easily restored by introducing the “harmonic” variables uj and
u¯j satisfying u[j u¯k] = ǫjk [14]. Actually, since we are considering bispinors, we need to
introduce two harmonic variables, (uLj , u¯
L
j ) and (u
R
j , u¯
R
j ). By defining Mˆab = u
L
j u
R
kM
jk
ab ,
we can now repeat the above calculation for arbitrary values of uLj and u
R
j , where Mˆab
now includes all the field strengths which are related to each other by the SU(2) internal
rotation.
The spacetime dependence of the computation is still trivial, and the compactification
dependent topological computation fg(u¯
L
j , u¯
R
j ) is now a polynomial of degree 4g− 4 in u¯Lj
and u¯Rj . As shown in [10],
fg(u¯
L
j , u¯
R
j ) = (2.3)
2g−2∑
nL,nR=2−2g
FnL,nRg (u¯
L
+)
2g−2+nL(u¯L−)
2g−2−nL(u¯R+)
2g−2+nR(u¯R−)
2g−2−nR
where FnL,nRg computes the g-loop partition function of (left,right) instanton number
(nL, nR) for the self-dual N = 2 string propagating on the hyper-Kahler four manifold.
Knowing the scattering amplitude for any value of uLj and u
R
j allows one to construct
the SU(2)-invariant amplitude by integrating over uLj and u
R
j as in [14]. So the complete
SU(2)-invariant scattering amplitude is given by the superspace expression∫
d6x
∫
duL
∫
duR
∫
d4θLd
4θR (2.4)
(Wˆa1b1Wˆa2b2Wˆa3b3Wˆa4b4ǫ
a1a2a3a4ǫb1b2b3b4)gfg(u¯
L
j , u¯
R
j )
5
where Wˆαβ = Mˆab + (θLσ
µν)a(θRσ
µν)bRµνρκ + ..., and
∫
duL
∫
duR is defined by∫
duL
∫
duR f
j1...jN k1...kN gl1...lN m1...mNuLj1u
R
k1
u¯Ll1 u¯
R
m1
...uLjNu
R
kN
u¯RlN u¯
R
mN
(2.5)
= f (j1...jN ) (k1...kN )gj1...jN k1...kN .
Expanding (2.4) in components for the Type IIB (or Type IIA) superstring gives R4H4g−4
terms (or R4F 4g−4 terms), as well as various other terms related by supersymmetry.
3. Terms in the Eight-Dimensional Effective Action
Although fg(u¯
L
j , u¯
R
j ) is unknown when the compactification manifold is K3, it is
known [12] up to an overall constant for all g when the manifold is R2× T 2, i.e. when the
superstring is compactified to eight dimensions on T 2. So by ‘Lorentz-covariantizing’ the
six-dimensional indices of (2.4) to eight-dimensional indices, one can find explicit expres-
sions for g-loop terms in the eight-dimensional low-energy effective action of the Type II
superstring.
To ‘Lorentz-covariantize’, one first rewrites (2.4) in six-dimensional vector notation
by replacing Wˆab with
∑
n Wˆµ1...µnΓ
µ1...µn
ab and using
ǫa1a2a3a4ǫb1b2b3b4 = δ
[a1
[b1
δa2b2 δ
a3
b3
δ
a4]
b4]
to get traces of Γ matrices. It is easy to check that the expression only involves contractions
of vector indices and contains no six-dimensional ǫ-tensors. One now simply replaces all
six-component vector indices with eight-component vector indices.
The only subtlety is that the uL+u
R
− and u
L
−u
R
+ pieces of Mˆab come from eight-
dimensional fields containing indices in the 7 or 8 directions. For example, in the Type IIB
(or Type IIA) superstringM+−ab Γ
ab
µνρ (orM
+−
ab Γ
ab
µν) comes from a four-form (or three-form)
in eight dimensions with one component in the (7+ i8) direction. For this reason, we shall
restrict our attention for the rest of this paper to fields coming from the uL+u
R
+ and u
L
−u
R
−
pieces of Mˆab, which contain the same number of indices in six and eight dimensions.
For terms involving these fields, the expression obtained by replacing six-component with
eight-component indices is manifestly Lorentz-invariant in eight dimensions.
For compactification of Type II strings on T 2, the massless bosonic fields are described
by the Riemann tensor Rµνρσ, a real triplet of three-form field-strengths H
(jk)
µνρ where
j, k = ± are SU(2) indices, a complex triplet of two-form field-strengths F±(jk)µν , a self-dual
6
and anti-self-dual four-form field-strength F±µνρσ, and seven scalars consisting of the T
2
Kahler modulus σ = σ1+ iσ2, the T
2 complex modulus ρ = ρ1+ iρ2, the eight-dimensional
dilaton λ8, and two Ramond-Ramond scalars. In terms of these fields,
IIB : Mˆab = u
L
+u
R
+Γ
µνρ
ab H
(++)
µνρ + u
L
−u
R
−Γ
µνρ
ab H
(−−)
µνρ + ..., (3.1)
IIA : Mˆab = u
L
+u
R
+Γ
µν
ab F
+(+−)
µν + u
L
−u
R
−Γ
µν
ab F
−(+−)
µν + ...,
where the terms in ... will be ignored. Note that H
(+−)
µνρ , F
±(++)
µν , and F
±(−−)
µν are NS-NS
fields which do not appear in Mˆab.
In eight-dimensional Einstein gauge, i.e.
S =
∫
d8x
√
det8g (R+ F
(jk)
µν+F
µν
−(jk) +H
(jk)
µνρH
µνρ
(jk) + ...),
the topological computation of [12] found
fg(u¯
L
j , u¯
R
j ) = λ
2g−2
3
8 σ
g
2Fg (3.2)
where λ8 = σ
−
1
2
2 e
φ is the eight-dimensional coupling constant, σ2 is the volume of T
2, and
(up to an overall constant)
Fg(u¯
L
j , u¯
R
j ) =
∑
m,n
′
(
u¯L+u¯
R
+
m+ nσ
+
u¯L−u¯
R
−
m+ nσ¯
)4g−4|m+ nσ|2g−4 (3.3)
where
∑′
means to sum over all integers m and n except when m = n = 0. The e
2
3 (g−1)φ
dependence of fg can be understood by rescaling
gµν → e−2φ/3gµν , F±(jk)µν → e−φ/3F±(jk)µν , H(jk)µνρ → e−2φ/3H(jk)µνρ (3.4)
which rescales the eight-dimensional Einstein gauge action to string gauge and rescales
e
2
3 (g−1)φ
√
det8g R
4(H4g−4 + F 4g−4)→ e2(g−1)φ
√
det8g R
4(H4g−4 + F 4g−4). (3.5)
The topological computation of (3.3) was called the ‘A-model’ in [12]. For compacti-
fication on T 2 × R2, the N=2 U(1) generator splits as J = J1 + J2 where J1 comes from
T 2 and J2 comes from R
2. The topological computation for the ‘B-model’ comes from
flipping the sign of the right-moving J1 with respect to the right-moving J2. This flip is
just a T -duality transformation on one of the circles in T 2, so the ‘B-model’ computation
is related to the ‘A-model’ computation by replacing σ with ρ in (3.3) and σ2 with ρ2 in
(3.2). Since the ‘B-model’ computation vanishes as σ2 → ∞, it does not survive in ten
dimensions. In eight dimensions, the scattering amplitudes associated with the ‘B-model’
involve R4F 4g−4 (or R4H4g−4) terms in the Type IIB (or Type IIA) superstring effective
action.
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3.1. SL(2, Z)× SL(2, Z) invariance
For compactification on T 2, the perturbative low-energy effective action is invariant
under SL(2, Z) × SL(2, Z) transformations. As usual, it is useful to think of the Kahler
and complex moduli as SL(2, R)/SO(2) variables, cjI and c˜
j
I (j = ± and I = 1 or 2). These
variables satisfy
MIJ ≡ c+(Ic−J) =
1
σ2
(
1 σ1
σ1 |σ|2
)
, (3.6)
M˜IJ ≡ c˜+(I c˜−J) =
1
ρ2
(
1 ρ1
ρ1 |ρ|2
)
, (3.7)
where MIJ → ΛKI ΛLJMKL and M˜IJ → Λ˜KI Λ˜LJM˜KL under SL(2, Z) × SL(2, Z) trans-
formations parameterized by ΛJI and Λ˜
J
I . Here σ denotes the Kahler class of T
2 and ρ
denotes its complex structure.
Under SO(2) × SO(2) transformations, c±I → e±iθc±I and c˜±I → e±iθ˜ c˜±I , so one can
choose an SO(2) gauge in which
c+I = σ
−1/2
2 (1, σ), c
−
I = σ
−1/2
2 (1, σ¯), c˜
+
I = ρ
−1/2
2 (1, ρ), c˜
−
I = ρ
−1/2
2 (1, ρ¯). (3.8)
The relevant Ramond-Ramond field strengths are defined to be invariant under SL(2, Z)×
SL(2, Z) transformations, however they transform under SO(2)× SO(2) transformations
for the Type IIB (or Type IIA) superstring as
H(±±)µνρ → e±iθH(±±)µνρ , F±(+−)µν → e±iθ˜F±(+−)µν (3.9)
(or H(±±)µνρ → e±iθ˜H(±±)µνρ , F±(+−)µν → e±iθF±(+−)µν ).
The eight-dimensional Einstein gauge action obtained by ‘covariantizing’ (2.4) is in-
variant under these transformations since it can be written as
S =
∫
d8x
∫
duLduR
√
det8g λ
2g−2
3
8 R
4Mˆ4g−4 (3.10)
∑
m1,m2
′
(
u¯L+u¯
R
+
mIc+I
+
u¯L−u¯
R
−
mIc−I
)4g−4|mIc+I |2g−4
where Mˆab is defined as in (3.1) and the index contractions on R
4Mˆ4g−4 are determined
using the method discussed earlier. Invariance is manifest if mI → (Λ−1)JImI under
SL(2, Z) × SL(2, Z) transformations and (uL±, uR±) → (e±
i
2 (θ+θ˜)uL±, e
± i2 (θ−θ˜)uR±) under
SO(2)× SO(2) transformations. Similar techniques have previously been used in [15].
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Performing the integrations over the uL and uR variables, one obtains for the Type
IIB superstring
S =
∫
d8x
√
det8g λ
2g−2
3
8
2g−2∑
p=2−2g
R4(H(++))2g−2+p(H(−−))2g−2−p (3.11)
∑
m,n
′ σg2
(m+ nσ)g+p(m+ nσ¯)g−p
.
Note that in terms of the D=10 three-form and five-form field strengths, comparison of
the D=8 and D=10 kinetic terms implies that
H(±±)µνρ = σ
1/3
2 τ
−1/3
2 (H
R−R
µνρ − τ1HNS−NSµνρ )∓ iσ4/32 τ2/32 HR−Rµνρ 89. (3.12)
For the Type IIA superstring, the only difference from (3.11) is that
(H(++))2g−2+p(H(−−))2g−2−p is replaced with (F+(+−))2g−2+p (F−(+−))2g−2−p
where, in terms of the D=10 Ramond-Ramond two-form and four-form field strengths,
F±(+−)µν = σ
1/6
2 τ
−2/3
2 F
R−R
µν ± iσ7/62 τ1/32 FR−Rµν 89 .
4. Type IIB R4H4g−4 Conjectures
4.1. Eight-dimensional conjecture
For the Type IIB (or Type IIA) superstring compactified on T 2, it has been con-
jectured that the SL(2, Z) × SL(2, Z) symmetry of the previous subsection is extended
non-perturbatively to an SL(3, Z) × SL(2, Z) symmetry where the SL(3, Z) extends the
Kahler (or complex) moduli of T 2. In this subsection, we conjecture an SL(3, Z)×SL(2, Z)-
invariant non-perturbative extension of (3.10) for the case of R4H4n−4 terms in the Type
IIB superstring effective action. When n = 1, our conjecture coincides with that of [4] and
[7], and when n > 1, it generalizes their Type IIB conjecture in a natural way.
Under SL(3, Z)× SL(2, Z) transformations, the seven scalars of the Type IIB super-
string on T 2 split into a quintuplet which can be thought of as SL(3, R)/SU(2) variables
C
(jk)
α (α = 1 to 3 and j, k = ±), and a doublet which can be thought of as SL(2, R)/SO(2)
variables c˜jI . c˜
j
I is defined as in (3.8) and (3.7). C
(jk)
α is defined to satisfy [7]:
Mαβ ≡ C(jk)α Cβ (jk) = (4.1)
9
= λ
4/3
8

 1 τ1 BR + τ1σ1τ1 |τ |2 τ1BR + |τ |2σ1
BR + τ1σ1 τ1BR + |τ |2σ1 (BR + τ1σ1)2 + λ−28 σ−12 |σ|2


where τ = τ1 + iλ
−1
8 σ
−
1
2
2 , τ1 and BR are the two Ramond-Ramond scalars (τ1 is already
a scalar in 10 dimensions and BR is the constant expectation value of the RR B-field on
T 2), and Mαβ → ΛγαΛδβMγδ under SL(3, Z) transformations parameterized by Λβα.
Under SU(2) transformations, C
(jk)
α → ΩjlΩkmC(lm)α , so one can choose an SU(2) gauge
in which
C(++)α = λ
−1/3
8 σ
−1/2
2 (0, 1, σ), C
(−−)
α = λ
−1/3
8 σ
−1/2
2 (0, 1, σ¯), (4.2)
C(+−)α = −iλ2/38 (1, τ1, BR + τ1σ1).
The triplet of three-form field strengths are defined to be invariant under SL(3, Z) ×
SL(2, Z) transformations, however they transform under SU(2)× SO(2) transformations
as H
(jk)
µνρ → ΩjlΩkmH(lm)µνρ .
For the Type IIB superstring, the Ramond-Ramond Hµνρ fields appear in Mˆab as in
(3.1). To make SU(2) invariance manifest, it is useful to define a new harmonic field
ˆ˜
Mab(u
L
j , u
R
j ) = Γ
µνρ
ab H
(jk)
µνρ u
L
j u
R
k (4.3)
which now contains the NS-NS three-form field strength. Note that H
(+−)
µνρ is imaginary
since the reality condition is (H
(jk)
µνρ )∗ =ǫjlǫkmH
(jk)
µνρ . In terms of the D=10 three-form field
strengths, H
(+−)
µνρ = iσ
1/3
2 τ
2/3
2 H
NS−NS
µνρ , and H
(±±)
µνρ are defined as in (3.12).
Our SL(3, Z) × SL(2, Z)-invariant conjecture for R4H4g−4 terms in the eight-
dimensional Einstein gauge Type IIB low-energy effective action is
S = Ng
∫
d8x
∫
duL
∫
duR
√
det8g R
4 ˆ˜M
4g−4
(4.4)
∑
m1,m2,m3
′
(mαC(jk)α u¯
L
j u¯
R
k )
4g−4(mαC(jk)α Cβ(jk)m
β)−3g+
3
2
where Ng is an overall constant and
∑′
means to sum over all integers m1, m2 and m3
except when m1 = m2 = m3 = 0. Note that when g = 1, this conjecture coincides with the
D=8 R4 conjecture of [7]. Before checking how this conjecture fits with the perturbative
computation in eight dimensions given in (3.11), let us discuss what this conjecture implies
for the uncompactified Type IIB effective action in 10 dimensions.
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4.2. Ten-dimensional conjecture
To obtain our conjecture for ten-dimensional R4H4g−4 terms, one takes the large
volume limit σ2 → ∞, keeping τ2 ≡ λ−18 σ
−
1
2
2 fixed. In this large volume limit, the terms
in (4.4) involving m3 6= 0 vanish, giving
S = Ng
∫
d8x
∫
duL
∫
duR
√
det8g (σ
2
2τ2)
(2g+1)/6 R4
ˆ˜
M
4g−4
(4.5)
∑
m1,m2
′
(mID
(jk)
I u¯
L
j u¯
R
k )
4g−4(mID
(jk)
I DJ(jk)m
J )−3g+
3
2
where I = 1 to 2 and
D
(++)
I = D
(−−)
I = τ
−
1
2
2 (0, τ2), D
(+−)
I = −iτ
−
1
2
2 (1, τ1). (4.6)
It is convenient to define H±µνρ = σ
−1/3
2 τ
−1/6
2 [
1
2 (H
(++)
µνρ + H
(−−)
µνρ )± H(+−)µνρ ], which
can be expressed in terms of the D = 10 NS-NS and R-R three-forms as H+µνρ =
τ
−
1
2
2 (H
R−R
µνρ − τHNS−NSµνρ ) and H−µνρ = τ
−
1
2
2 (H
R−R
µνρ − τ¯HNS−NSµνρ ). Rescaling to ten-
dimensional Einstein gauge (where the classical action after compactification on T 2 is
S = Ng
∫
d8x
√
det8g σ2τ
1
2
2 (R+H
+
µνρH
−µνρ + ...), one obtains
S = Ng
∫
d8x
∫
duL
∫
duR
√
det8g σ2τ
1
2
2 R
4(
ˆ˜
M
4g−4
σ
−1/3
2 τ
−1/6
2 )
4g−4 (4.7)
∑
m1,m2
′
(mID+I v¯
L
+v¯
R
+ −mID−I v¯L−v¯R−)4g−4(mID+I D−J mJ )−3g+
3
2
where D+I = τ
−
1
2 (1, τ), D−I = τ
−
1
2 (1, τ¯), v¯L± = 2
−
1
2 (u¯L+ ± u¯L−), and v¯R± = 2−
1
2 (u¯R+ ± u¯R−) .
Ignoring H
(++)
µνρ − H(−−)µνρ (which comes from the dimensional reduction of the five-
form), converting all contracted eight-component vector indices into contracted ten-
component vector indices, and integrating over u, one obtains our manifestly SL(2, Z)-
invariant ten-dimensional conjecture for the Type IIB R4H4g−4 term
S = Ng
∫
d10x
√
det10g (4.8)
2g−2∑
p=2−2g
(−1)pR4(H+)2g−2+p(H−)2g−2−p
∑
m,n
′ τ
g+
1
2
2
(m+ nτ)g+
1
2+p(m+ nτ¯)g+
1
2−p
.
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For the term with p = 0 in (4.8), the coefficient multiplying R4H4 is proportional to
the Eisenstein function
E
g+
1
2
(τ) ≡ 1
2ζ(2g + 1)
∑
m,n
′ τ
g+
1
2
2
(m+ nτ)g+
1
2 (m+ nτ¯)g+
1
2
. (4.9)
Furthermore, the coefficients for p > 0 are proportional to τ−p2 (τ
2
2
∂
∂τ )
pE
g+
1
2
(τ) while the
coefficients for p < 0 are proportional to τp2 (τ
2
2
∂
∂τ¯ )
−pE
g+
1
2
(τ). At large values of τ2,
E
g+
1
2
(τ)→ τg+
1
2
2 + γg+12
τ
1
2
−g
2 +O(e
−2piτ2), (4.10)
where γ
g+
1
2
=
√
π Γ(g)ζ(2g)
Γ(g+
1
2 )ζ(2g+1)
. After rescaling to D=10 string gauge,
(τ
g+
1
2
2 + γg+12
τ
1
2
−g
2 )
√
det10g R
4H4 → (τ22 + γg+12 τ
2−2g
2 )
√
det10g R
4H4, (4.11)
so (4.8) only gets perturbative contributions at tree-level and at genus g.
4.3. Evidence for Type IIB conjecture
The most important evidence for our conjecture comes from explicit agreement of the
eight-dimensional conjecture with the genus g computation in (3.10). To compare (4.4)
with (3.10), it is useful to split the sum
∑
m1,m2,m3
′
in (4.4) into
∑
m1 where m2 = m3 = 0,
and
∑
m1
∑
m2,m3
′
where one sums over all values except m2 = m3 = 0. The first sum
contributes
S = Ng
∫
d8x
∫
duL
∫
duR
√
det8g R
4 ˆ˜M
4g−4
(4.12)
∑
m1
(m1C
(+−)
1 u¯
L
(+u¯
R
−))
4g−4(−m1C(+−)1 C(+−)1 m1)−3g+
3
2
=
∫
d8x
∫
duL
∫
duR
√
det8g λ
−(4g+2)/3
8 R
4 ˆ˜M
4g−4
(u¯L(+u¯
R
−))
4g−4
∑
m1
(m1)−2g−1
where we used that C
(++)
1 = C
(−−)
1 = 0. Integrating over u gives the contribution
S = Ng
∫
d8x
√
det8g λ
−(4g+2)/3
8
∑
m1
(m1)−2g−1 (4.13)
R4
2g−2∑
q=0
cq(H
(++)H(−−))2g−2−q(H(+−))2q
12
where cq are constants which can be easily computed. This is easily seen to be a tree-level
contribution since the λ
−(4g+2)/3
8 dependence differs from the g-loop λ
(2g−2)/3
8 dependence
of (3.2) by a factor of λ−2g8 .
To evaluate the contribution of the second sum
∑
m1
∑
m2,m3
′
, it is convenient to
perform a Poisson resummation on m1. Following [7], this can be done by writing
∑
m1
∑
m2,m3
′
(mαC(jk)α u¯
L
j u¯
R
k )
4g−4(mαC(jk)α Cβ(jk)m
β)−3g+
3
2
=
π3g−
3
2
Γ(3g − 3
2
)
∫ ∞
0
dt
t3g−
1
2
∑
m1∑
m2,m3
′
(mαC(jk)α u¯
L
j u¯
R
k )
4g−4 exp(−π
t
mαC(jk)α Cβ(jk)m
β)
=
π3g−
3
2
Γ(3g − 3
2
)
∫ ∞
0
dt
t3g−
1
2
∑
n
∫ ∞
−∞
dm1e
2piim1n
∑
m2,m3
′
(mαC(jk)α u¯
L
j u¯
R
k )
4g−4 exp(−π
t
mαC(jk)α Cβ(jk)m
β)
=
π3g−
3
2
Γ(3g − 32 )
∫ ∞
0
dt
t3g−
1
2
∑
n
∫ ∞
−∞
dm1
∑
m2,m3
′
(
1
2πi
d
dn
C
(jk)
1 u¯
L
j u¯
R
k +m
Y C
(jk)
Y u¯
L
j u¯
R
k )
4g−4 exp(−π
t
mαC(jk)α Cβ(jk)m
β + 2πim1n)
=
π3g−2λ
−2/3
8
Γ(3g − 32)
∫ ∞
0
dt
t3g−1
∑
n
∑
m2,m3
′
(4.14)
(
1
2πi
d
dn
C
(jk)
1 u¯
L
j u¯
R
k +m
Y C
(jk)
Y u¯
L
j u¯
R
k )
4g−4
exp(−π
t
mY C
(jk)
Y CZ(jk)m
Z − πtλ−4/38 n2 − 2πin(m2τ1 +m3(BR + τ1σ1)))
where Y, Z = 2 or 3.
Splitting (4.14) into the n = 0 and n 6= 0 parts, it is straightforward to show that
when n 6= 0, the contribution to S is of order O(e−τ2) and is therefore non-perturbative.
The contribution to S when n = 0 is proportional to
S =
∫
d8x
∫
duL
∫
duR
√
det8g λ
−2/3
8 R
4 ˆ˜M
4g−4
(4.15)
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∑
m2,m3
′
(mY C
(++)
Y u¯
L
+u¯
R
+ +m
Y C
(−−)
Y u¯
L
−u¯
R
−)
4g−4(mY C
(++)
Y C
(−−)
Z m
Z)−3g+2.
Comparing C
(±±)
Y with c
±
I , it is easy to check that (4.15) agrees with (3.10) if one ignores
the NS-NS three-form H
(+−)
µνρ and keeps the R-R three-forms. So the conjecture precisely
reproduces the g-loop computation of (3.10) and the only other perturbative contribution
to R4H4g−4 terms is at tree-level.
There are at least two arguments why a perturbative non-renormalization theorem for
R4H4g−4 terms would not be surprising. One argument comes from superstring amplitude
computations which imply by U(1) conservation that R4(H
(++)
µνρ )4g−4 terms cannot recieve
corrections below genus g. This does not disagree with (4.4) since (4.4) predicts tree-level
contributions only if there are an equal number of H
(++)
µνρ and H
(−−)
µνρ fields.
The second argument for a non-renormalization theorem comes from the structure of
the duality group and the perturbative decoupling of Ramond-Ramond zero modes. Since
the duality group is SL(3, Z) × SL(2, Z), it is reasonable to assume that any duality-
invariant amplitude is proportional to the factorized product f(T )g(U) where T are the
SL(2, R)/SO(2) moduli and U are the SL(3, R)/SU(2) moduli.4 Since the g-loop Type IIB
R4H4g−4 amplitude is independent of the T moduli, f(T ) = 1. So the full non-perturbative
amplitude only depends on the U moduli, which include the two Ramond-Ramond scalars
and the string coupling constant. Although only proven for R4 terms [2], it seems probable
that any SL(3,Z)-invariant expression which is perturbatively independent of the Ramond-
Ramond moduli contains only a finite number of perturbative contributions.
5. Paradox for Type IIA R4F 4g−4 Term
In the g-loop topological computation, Type IIA R4F 4g−4 terms have precisely the
same structure as Type IIB R4H4g−4 terms. Nevertheless, we have been unable to find a
natural SL(3, Z)×SL(2, Z)-invariant extension of (3.10) except when g = 1. When g = 1,
(3.10) only depends on the Kahler moduli and is independent of λ8 and the complex moduli.
Therefore, the genus 1 expression in (3.10) is already SL(3, Z) × SL(2, Z)-invariant and
needs no modification. But for g > 1, (3.10) depends on λ8 which mixes with the complex
moduli under SL(3, Z) transformations.
4 Of course, the amplitude could be proportional to a sum of such products
∑
i
fi(T )gi(U), but
in this case, each term in the sum would have to be separately invariant under SL(3, Z)×SL(2, Z)
transformations.
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Note that N=2 D=8 supersymmetry only implies decoupling of T and U moduli
for terms involving eight derivatives (such as R4 terms) but does not imply decoupling
for terms with twelve derivatives or more. This is because eight-derivative superspace
actions [2] must be of the form
∫
d8x(D+)
8(D−)
8f(W ) or
∫
d8x
∫
du(D+)
8(D¯+)
8g(L++++)
where D± and D¯± are N=2 D=8 supersymmetric derivatives, W is a chiral superfield
whose lowest component is the T modulus, and Ljklm is a linear superfield whose lowest
components are the U moduli. But twelve-derivative superspace actions can be of the form∫
d8x
∫
du(D+)
8(D−)
8(D¯+)
8f(W )g(L++++).
So using the notation of the previous subsection, the Type IIA R4F 4g−4 term is
multiplied by f(T )g(U) where f(T ) is the SL(2, Z)-invariant function given by the g-loop
topological computation and
g(U) = λ
(2g−2)/3
8 (1 + h(λ8, ρ, τ1, BR)) (5.1)
is some SL(3, Z)-invariant function. In order that the R4F 4g−4 term does not blow up in
the ten-dimensional limit, h(λ8, ρ, τ1, BR) must go to zero as λ8 → 0. This implies that
the eight-dimensional R4F 4g−4 term gets no corrections below genus g, as expected from
U(1) conservation in the superstring computation.
By taking the σ2 →∞ limit where λ8 = σ−
1
2
2 e
φ, one finds that h does not contribute
so the complete ten-dimensional R4F 4g−4 term is given by
S = Ng
∫
d8x
∫
duLduR
√
det8g σ
(2g+1)/3
2 e
(2g−2)φ
3 R4Mˆ4g−4 (5.2)
(u¯L+u¯
R
+ + u¯
L
−u¯
R
−)
4g−4
∑
m1 6=0
(m1)−2g
where Mˆab = (u
L
+u
R
− + u
L
−u
R
+)Γ
µν
ab Fµν and we are ignoring the Ramond-Ramond two-form
coming from dimensional reduction of the D=10 four-form. Replacing all contracted eight-
component vector indices with contracted ten-component vector indices and rescaling to
ten-dimensional string gauge, one obtains the effective action
S = Ng
∫
d10x
∫
duLduR
√
det10g (5.3)
e(6g−6)φR4Mˆ4g−4(u¯L+u¯
R
+ + u¯
L
−u¯
R
−)
4g−4
∑
m1 6=0
(m1)−2g
= Ng
∫
d10x
√
det10g e
(6g−6)φR4F 4g−4
∑
m1 6=0
(m1)−2g
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up to an overall normalization factor.
If the M-theory conjecture is correct, this term should come from dimensional reduc-
tion of an eleven-dimensional term compactified on a circle of radius r = e2φ/3 where the
gauge field Aµ is identified with gµ 10/g10 10. As one scales r,
√
det10g → r5
√
det10g, R
4 → r−4R4, Mˆ4g−4 → r8−8g, (5.4)
so (5.3) scales like rg, i.e. it blows up faster than the circle radius when g > 1 and therefore
naively violates the conjecture.
One possible resolution of this paradox is that the Type IIA R4F 4g−4 term comes
from a non-local term in the eleven-dimensional action, similar to momentum-dependent
Type IIA R4 terms. As discussed in [8], the one-loop four-graviton scattering amplitude
in eleven-dimensional supergravity gets contributions from a local R4 term and from a
non-local s3/2R4 term where s = p1 · p2 is a Mandelstam variable. After compactification
on a circle of radius r, the non-local term gives rise to an infinite sum of local Type IIA
terms
∑∞
k=2 ckr
2k−2skR4, each of which blows up faster than r. Perhaps the genus g Type
IIA R4F 4g−4 term is the first term of an infinite sum of terms,
∑∞
k=0 ckr
g+2kskR4F 4g−4,
which sums up to a non-local eleven-dimensional term in the limit r →∞.5 Note that the
term proportional to sk would come from a genus g + k Type IIA term.
6. String “pair creation”: A Stringy extension of Schwinger’s Computation
As we have discussed in section 2, there are some parallels between the superpotential
R2F 2g−2 terms obtained in the context of Calabi-Yau threefold compactifications and the
R4H4g−4 terms on which we have concentrated in this paper. In the context of Calabi-Yau
threefolds, the fgR
2F 2g−2 terms were used in [16] [17][18] (see [19] for a recent discussion)
to check Strominger’s conjecture about the resolution of the conifold singularity by a light
wrapped D3 brane [20]. In particular, if one considers giving a vev to F = λ and computes
the R2 term in the four-dimensional effective action, one gets
S =
∫
d4x
√
det4g R
2f(λ) (6.1)
5 We would like to thank Michael Green for suggesting that the paradox might be resolved by
summing an infinite series of terms.
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where
f(λ) =
∑
g
fgλ
2g−2.
Moreover in the case of the conifold, the function f(λ) was related in [18] to the function
computed by Schwinger for corrections to the effective action for a charged scalar in the
presence of constant E,B fields. This has the interpretation of a one loop computation,
as in [18], where the light charged wrapped D3 brane goes around the loop. The existence
of R2 (instead of 1) reflects the fact that this case has two more D=4 supersymmetries
than the problem considered by Schwinger. Certain non-perturbative aspects of this in
connection with pair creation have been discussed in [19]. In particular, it was argued that
the above expansion of f as a power series in λ should be viewed as an asymptotic expansion
and that there would be corrections of the form exp(− 1λ ). In fact, such corrections are
exactly captured by Schwinger’s computation (with a Euclidean circle instanton giving
these kind of corrections).
It is natural to ask if there is a parallel situation for the context we are considering in
this paper. The obvious guess is to give vev to H = h fields and consider contributions to
the action of the form
S =
∫
d10x
√
det10g R
4f(h) (6.2)
where
f(h) =
∑
g
fgh
4g−4
and fgR
4H4g−4 are the corrections we have considered in this paper. In this case, we
expect strings to be created (at least virtually) and to give corrections to R4. We can
turn on different types of H’s, and for a generic choice of vevs for HNS−NS and HR−R,
we should expect production of all (p, q) strings.
One can ask if f(h) (and its non-perturbative extensions) can be computed in a
similar manner as was done in the case of Schwinger’s problem. If we could compute f(h)
in a different way from perturbative superstring computations, as was done in the case of
R2F 2g−2 terms near a conifold, we would be able to fix the overall normalization for each
fg, which we have not fixed in this paper. It would also combine our conjectures for all
the different g’s into a single conjecture.
For concreteness, let us consider corrections involving HR−R in Type IIB on R
10. If
we turn on a constant HR−R, say in the H012 = h direction, we expect that virtual D-
strings would be relevant for computation of R4 corrections. In analogy with the conifold
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problem, we could consider a limit where the D-string becomes light, which happens at
strong coupling of the Type IIB string. In this limit, by the SL(2, Z) symmetry of Type
IIB, we can view this from the viewpoint of the dual D-string which now plays the role of
the fundamental string, and for which HR−R is now mapped to HNS−NS . In other words,
we are back to perturbative Type IIB computation of R4 terms in the presence of constant
HNS−NS . This, according to our conjecture, gets infinitely many contributions at genus 0
(one for each H4g−4 term) and one contribution for each genus (H4g−4 correction at genus
g). And it is as difficult as the original problem. So we see that the stringy analog of
Schwinger’s computation seems intrinsically stringy and, unlike the conifold case, we seem
not to find a simpler problem to map it to.
There is, however, one statement we can make. The process of nucleating strings
from constant HNS−NS background has been considered in [21]. In particular, a Eu-
clidean spherical instanton was constructed with action proportional to 1/h2, on the basis
of which it was concluded that the rate of production of strings should go as exp(−A/h2).
Even though perturbative corrections to the action were not considered in [21], their re-
sult combined with our conjectures implies there should be a function f(h+, h−, τ) whose
asymptotic expansion for small h+, h− gives the conjecture we have stated in the intro-
duction, and that there should be corrections of the form exp(−A/h2) completing this
function away from h ∼ 0.
It would be interesting to develop other ways to compute the overall coefficients of
the R4H4g−4 terms so as to sum up this series for different H’s. This should teach us
something non-trivial about the creation of (p, q) strings in background H fields.
7. Concluding Remarks
In this paper, we have conjectured the non-perturbative structure of R4H4g−4 terms in
the Type IIB low-energy effective action. The most important evidence for our conjecture
is agreement with explicit g-loop superstring computations.
In string theory, the NS-NS bµν two-form usually appears with the graviton in the
combination gµν + bµν . This suggests that R
4H4g−4 terms might be related by supersym-
metry to terms such as ∇4g−4R4 and R2g+2 which contain the same number of derivatives
but are composed only of graviton fields. If related, our conjecture would imply that all
such terms are also multiplied by the Eisenstein function E
g+
1
2
(τ) in the Type IIB low-
energy effective action. This might relate our conjecture with at least two other conjectures
in the literature.
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Based on the known tree-level ∇4g−4R4 term in the Type IIB effective action,
Russo conjectured that the non-perturbative ∇4g−4R4 is multiplied by precisely the same
E
g+
1
2
(τ) function. This is gratifying since support for his conjecture (tree-level computa-
tions) comes from a completely different source than the support for our conjecture (g-loop
computations).
Also, if R2g+2 and R4H4g−4 terms are related by supersymmetry, our results may
be useful for understanding certain M(atrix) model computations. These M(atrix) model
computations suggest that the effective action of the open superstring contains F 2g+2 terms
which can be ‘topologically’ computed at genus g since they contain trivial α′ dependence.
Since the open superstring vertex operator for Fµν is the “square-root” of the Type IIB
vertex operator for Rµνρσ, it seems plausible that the topological nature of g-loop open
superstring F 2g+2 terms are related to the topological nature of g-loop Type IIB R2g+2
terms.
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